The confinement analysis from bulk structure ͑CABS͒ approach ͓Y. Wang et al., J. Chem. Phys. 128, 124904 ͑2008͔͒ is extended to determine the depletion profiles of dilute polymer solutions confined to a slit or near an inert wall. We show that the entire spatial density distributions of any reference point in the polymer chain ͑such as the center of mass, middle segment, and end segments͒ can be computed as a function of the confinement size solely based on a single sampling of the configuration space of a polymer chain in bulk. Through a simple analysis based on the CABS approach in the case of a single wall, we prove rigorously that ͑i͒ the depletion layer thickness ␦ is the same no matter which reference point is used to describe the depletion profile and ͑ii͒ the value of ␦ equals half the average span ͑the mean projection onto a line͒ of the macromolecule in free solution. Both results hold not only for ideal polymers, as has been noticed before, but also for polymers regardless of details in molecular architecture and configuration statistics.
I. INTRODUCTION
The properties of spatially confined macromolecules are both of fundamental interest in polymer physics [1] [2] [3] [4] [5] [6] and of practical importance in a variety of applications including chromatographic fractionation of polymers, [7] [8] [9] [10] [11] [12] polymer improved oil recovery, 13, 14 and applications of polymers in colloidal suspensions. [15] [16] [17] For example, the entropic depletion of polymers near inert hard surfaces due to steric exclusion effects effectively leads to an attraction force ͑the so-called depletion interaction͒ [18] [19] [20] that may drive aggregation of colloidal particles, [21] [22] [23] bacteria, 24 and cells. 25, 26 To provide an understanding of the depletion interaction, it is important to determine the depletion profiles of polymers near confining surfaces. 27 In a recent effort of determining the equilibrium partitioning of polymers between a confining geometry and a dilute bulk solution, we presented the confinement analysis from bulk structure ͑CABS͒ method. 28 By using snapshots of molecular configurations of an isolated polymer chain in free space to estimate the effect of spatial confinement, CABS has the superior property of obtaining the equilibrium partition coefficient K 0 as a function of the confinement size, solely on the basis of a single sampling of the molecular configuration space. However, K 0 describes only the mean concentration of polymers inside the confining geometry relative to the bulk concentration and not any spatial anisotropy near confining surfaces.
In the present work, the CABS method is extended to determine the depletion profiles of polymers near confining surfaces. We focus on the equilibrium distribution of polymers in dilute solution near impenetrable but otherwise passive plane boundaries, in which case, the computational efficiency of the CABS method is preserved, i.e., the entire spatial depletion profiles can be computed as a function of the confinement size on the basis of only a single sampling of the configuration space of a polymer chain in bulk. Note that this classical problem was first studied by Asakura and Oosawa in 1954 . 18 It has long been regarded as a wellunderstood problem, 29, 30 since it can be studied by a variety of known procedures, including methodology in analogy with the diffusion problem in the presence of absorbing boundaries, [31] [32] [33] [34] [35] [36] [37] [38] Monte Carlo calculations, [39] [40] [41] and novel mesoscopic simulation techniques such as Brownian dynamics ͑BD͒, 42, 43 Lattice Boltzmann, 44, 45 and dissipative particle dynamics ͑DPD͒. 46, 47 It has been found that the theoretically calculated depletion profiles agree, in general, with the available experimental data. 48, 49 They are concentration dependent [50] [51] [52] [53] and coupled at flow conditions to the hydrodynamic interaction between polymers and the confining geometry. 54 Even in the case of no flow and in the dilute solution limit, the depletion profiles are still influenced by, e.g., the molecular architecture and configuration statistics ͑such as Gaussian chain and excluded volume chain͒ of the polymer chain. Besides, depending on the reference point ͑such as the center of mass, endpoints, and midpoint in the polymer chain͒ used to describe the polymer depletion, the resulting density distributions are different. 36 depletion layer thickness ␦, which describes the range of a step function such that it excludes exactly the same amount of polymers as the true density profile. 51 For instance, the mean segment density profile of a polymer chain in the vicinity of a single wall can be empirically expressed by the square of a hyperbolic tangent: 55, 56 i.e., ͑1͒ ͑x͒ / 0 Ϸ tanh 2 ͑x / ␦͒, where
͑1͒ ͑x͒ / N is the mean segment density profile for a chain of N segments with i ͑1͒ ͑x͒ as the density profile of the ith chain segment located at a distance x to the wall. 0 is the uniform density far from the wall, where x → + ϱ. The subscript in symbol i ͑1͒ ͑x͒ indicates that the ith segment is used as the reference point in the description of the depletion profile. The superscript is ͑1͒ for the case of a single wall and ͑2͒ for a slit confining geometry. As shown, e.g., in Refs. 38 and 57, this empirical relation describes well the analytical results for linear and symmetric star ideal chains, numerical results from mean-field lattice calculations, 58 and simulation results for excluded volume chains. 51 Recently, it was noticed by Fedosov et al. 47 that the center of mass ͑com͒ depletion profiles for linear bead-spring polymers of different total number of beads collapse onto "an almost common curve," when the depletion thickness ␦ was used to normalize the distance to the wall as opposed to the commonly used radius of gyration R g of the polymer chain in bulk. Although a fundamental proof of the existence of those empirical universal relations is still lacking, the significance of the depletion layer thickness ␦ is nevertheless underlined.
When the depletion layer thickness ␦ is calculated in theoretical studies of polymer depletion near a single wall, it has been noticed for a linear random-flight chain in the continuous limit ͑the so-called ideal chain͒ that irrespective of whether one uses the com, the endpoint, or the midpoint density distributions, the resulting depletion layer thickness is the same, i.e.,
and the value of ␦ equals 2R g / ͱ , which happens to be half the average span of a linear ideal chain. [34] [35] [36] [37] [38] 51, [58] [59] [60] [61] [62] [63] [64] The span of a polymer spatial configuration in a given direction e k is defined as the minimum distance between parallel planes normal to e k that entirely contain the chain. That is to say, for a random walker, the span in the x direction at a fixed time is the maximum x displacement of the random walker minus the minimum x displacement. The average span of a polymer chain is a measure of the molecular size that has been studied frequently [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] since the pioneering work by Daniels 77 and Kuhn 78, 79 in the 1940s. As noted by Casassa, 36 this quantity has been called differently, such as the "extent,"
77 the "span," 68, [71] [72] [73] [74] the "mean maximal size," 79 the "mean maximal projection," 67 or, more descriptively, the "mean projection onto a line." 66 In Ref. 28 , we denoted it by ͗͘ and introduced the steric exclusion radius R s of a polymer chain in bulk as half the average span: i.e., R s = ͗͘ / 2, where ͗¯͘ refers to an ensemble average over the configurational degrees of freedom of the chain. R s is called the steric exclusion radius because it is deduced directly from a study of the steric exclusion effect introduced by confining geometries, and it is a more relevant polymer size parameter than the radius of gyration R g in size exclusion chromatography. 28, 35 As discussed by Casassa, 37,38 the identity relation
between the depletion layer thickness ␦ and half the average span of a polymer chain, i.e., the steric exclusion radius R s , holds not only for linear ideal chains but also for rigid molecules 8 and ideal polymers of nonlinear architecture, such as an f-arm symmetric star molecule. 38 One might speculate that Eqs. ͑1͒ and ͑2͒ should also hold for Gaussian polymers with finite total number of segments as well as excluded volume chains. However, it has not been strictly proven yet, and a firm proof is still missing.
In this paper, we give a rigorous proof for Eqs. ͑1͒ and ͑2͒. We show that both equations hold, in fact, for polymers regardless of details in molecular architecture and configuration statistics. This is done in Sec. III. The proof is based on the CABS approach of determining the depletion profiles by analyzing free-space polymer chain statistics as presented in Sec. II. It is straightforward to implement the CABS approach numerically. As an example, we present in Sec. IV simulation results for the depletion profiles of linear Gaussian bead-spring polymers of N beads. Finally, a summary is given in Sec. V.
II. THE CABS APPROACH
We first consider the depletion profile of a polymer chain that is confined in a slit of width d ͑i.e., two infinite parallel planes separated by a distance d͒, as shown schematically in Fig. 1 . Suppose that the ith segment is placed at distance x from the plane at x = 0, and both planes of the slit confinement are impenetrable to the polymer but otherwise passive. Based on the procedures outlined in Ref. 28 , one can write the fraction of polymer configurations that are not intersected by the confining boundary as FIG. 1. ͑Color online͒ Schematic illustration of a polymer chain in a slit confinement. The confinement size is denoted by d, and the orientation of the slit is denoted by e k , which is a unit vector normal to the slit plane. is the span in the e k direction of the polymer chain with configuration ͕r͖, which is divided into two parts, ␣ i and ␤ i , by the projection point of bead i located at distance x from the slit plane at x =0.
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where H͑x͒ is the Heaviside function, corresponding to the Boltzmann factor of a hard-wall potential between the polymer and the slit plane; 20 ␣ i and ␤ i are the maximum distances ͑spans͒ from the ith bead to any other bead in two opposite directions, as denoted by −e k and e k , respectively. They are given by
where ͕r͖ϵ͕r 1 , ... ,r i , ... ,r N ͖ denotes the collection of monomer position vectors in a polymer chain and e k is a unit vector normal to the slit plane.
In the case of d → ϱ, Eq. ͑3͒ reduces to the result for a polymer chain in the vicinity of the a single wall
The mean segment density profile ͑1͒ ͑x͒ / 0 is simply
͑7͒
Similar to Eqs. ͑4͒ and ͑5͒, the two span components associated with the com ͑geometric center in the strict sense͒ of the chain, ␣ com and ␤ com , are introduced in the form
where the position vector of the com of the chain r com is given by
Substituting Eq. ͑10͒ into Eqs. ͑8͒ and ͑9͒ and using the definitions of ␣ i and ␤ i in Eqs. ͑4͒ and ͑5͒, one can show that
By analogy to Eqs. ͑3͒ and ͑6͒, the density profiles of the com of the chain, com ͑2͒ ͑x͒ / 0 and com ͑1͒ ͑x͒ / 0 , can be expressed as
Note the difference between com ͑1͒ ͑x͒ / 0 and ͑1͒ ͑x͒ / 0 in Eq. ͑7͒, as illustrated for a linear ideal chain in Ref. 51 . It is noteworthy that Eqs. ͑3͒ and ͑6͒ preserve the superior feature of the CABS method, i.e., polymer depletion profiles can be determined from the same set of configuration data for any x and d. One only needs a sequence of ␣ i and ␤ i data obtained by sampling the configuration space of an unconfined polymer chain, as will be demonstrated in Sec. IV.
In addition to the efficient numerical computations of the depletion profiles, the CABS method has also the theoretical advantage of providing a new physical interpretation of the polymer depletion profiles. One may realize from the Heaviside function in Eq. ͑3͒ that i ͑2͒ ͑x , d͒ / 0 simply is the joint distribution function of random variables ␣ i and ␤ i sampled for an unconfined chain, i.e.,
where y = d − x, and Pr͓͕␣ i ഛ x͖ പ ͕␤ i ഛ y͖͔ refers to the probability that ␣ i is less than or equal to x, and simultaneously ␤ i is less than or equal to y. In a similar manner, the marginal distribution of ␣ i is obtained from i ͑1͒ ͑x͒ / 0 in Eq. ͑6͒,
With the assumption of inversion symmetry in the molecular configurations ͑to be discussed in Sec. III͒, the two random variables, ␣ i and ␤ i , are equal in distribution, i.e.,
III. R s AND THE DEPLETION LAYER THICKNESS
We present here properties of the span components, ␣ i and ␤ i , of a polymer chain in bulk, which are then used in a rigorous proof of Eqs. ͑1͒ and ͑2͒. As indicated in Fig. 1 , the span of a polymer chain with configuration ͕r͖ in the e k direction is divided into two parts by the projection point of bead i, i.e., ␣ i and ␤ i , as defined in Eqs. ͑4͒ and ͑5͒. In a similar manner, the two span components, ␣ i and ␤ i , for a polymer chain with configuration ͕−r͖ are given by
Since max͕͑−r͖ · e k ͒ = −min͕͑r͖ · e k ͒ and ͕͑−r͖ · e k ͒=min − max͕͑r͖ · e k ͒, we have
It is understood that the orientation of a polymer chain in free solution without external field is isotropic in space. Therefore, there is an equal probability for the molecule to have configurations ͕r͖ and −͕r͖ and, thus, the ensemble averages of ␣ i and ␤ i are identical, i.e.,
In other words, we use the inversion symmetry in the molecular configuration space to derive Eq. ͑20͒, and it is worth noting the fact that inversion symmetry is a weaker assumption than isotropic orientation. The span ͑maximum projection͒ is given by
for a polymer chain with configuration ͕r͖ in the direction of e k . It is evident that although ␣ i and ␤ i depend on the position of the ith chain segment, is certainly independent of the choice of i. Furthermore, both ␣ i and ␤ i as well as are translational invariant quantities that depend only on the relative coordinates among monomers. 28 The ensemble average of follows Eq. ͑21͒,
According to Eqs. ͑20͒ and ͑22͒, along with the definition of R s being half the average span, it is clear that
which shows that the steric exclusion radius R s , introduced previously as half the average span of the molecule, is also identical to the average span with respect to any given segment along the chain as well as the com point in a given direction.
With the identity in Eq. ͑23͒ and the relations in Eqs. ͑6͒, ͑7͒, and ͑13͒ for the ith segment, the mean-segment, and the com density distributions, respectively, it is easy to show ͑by interchanging the order of the integration and the ensemble average͒ that various definitions of the depletion layer thickness in Eq. ͑1͒ give the same value R s , i.e.,
This proves Eqs. ͑1͒ and ͑2͒. It is important to notice that the proof is solely based on the fact that an inversion symmetry exists in the configuration space of a bulk polymer chain, and no further assumptions have been made on the conformation statistics of the molecule. Equations ͑1͒ and ͑2͒ are therefore valid not only for polymers under ⌰-solvent conditions but also for excluded volume polymers, as well as branched polymers. However, one should bare in mind that the polymer-wall interaction is considered here to be steric exclusion only, under which condition the Boltzmann factor of a hard-wall potential leads to the Heaviside function in the CABS method. For a slit confinement of width d, one may in analogy to Eq. ͑1͒ introduce an effective depletion thickness ⌫ in the form
͑27͒
Considering an equilibrium distribution of polymers between a dilute bulk solution phase and the space confined by a slit, one can obtain from ⌫ the total number of polymer chains excluded by the slit confinement as 0 A⌫, where A is the area of the slit plane and 0 is the uniform polymer concentration ͑number density͒ in the bulk solution. The mean polymer concentration in the slit is then obtained by dividing the total number of polymer chains in the slit, 0 A͑d − ⌫͒, with the total volume in the slit, Ad. This leads to a general expression for the equilibrium partition coefficient K 0 in the form
In other words, ⌫ equals the product of the slit width d and the complementary part of the equilibrium partition coefficient, 1 − K 0 . As is recognized in the literature, 80 ,81 the complementary part of the equilibrium partition coefficient derived from Eq. ͑28͒ characterizes the selective rejection of solute molecules from a solution by porous membranes in ultrafiltration at the weak flow rate condition. In the weak confinement regime, 28, 35 and therefore, ⌫ =2R s . In the strong confinement regime, K 0 → 0, and thus
The identity between R s and the depletion layer thickness ␦ is yet another evidence of R s being an important molecular size parameter. In Ref. 28 , we showed that R s is the essential molecular size parameter that determines the equilibrium partition partition coefficient K 0 . Furthermore, inspired by the work in Refs. 51, 53, and 57 where ␦ was used, we note here that R s , because of the identity to ␦, may also have a closer relation than, e.g., R g to the classical AsakuraOosawa radius 18, 19 in studies of depletion attraction and to the Navier length in studies of wall slip induced by polymer depletion. 57 In Table I , the ratios, R s / R g , for ideal polymers of different chain architectures are listed. Those constants are characteristics of the polymer architecture.
IV. NUMERICAL RESULTS AND DISCUSSIONS
Like in the calculations of the equilibrium partition coefficient, 28 it is straightforward to implement the CABS method for the calculation of polymer depletion profiles as presented in Sec. II. Let us, as an example, present results for linear Gaussian bead-spring polymers.
A Gaussian bead-spring chain is a model polymer molecule represented by a collection of beads linked together with Hookean springs, and it has played a central role in studies of the statistics and dynamics of flexible chain molecules.
2 The conformational distribution function of such a linear chain of N beads is given by 2 TABLE I. Characteristic ratios between the steric exclusion radius R s and the root-mean-square radius of gyration R g for ideal chain polymers of linear, ring ͑Ref. 72͒, and f-arm symmetric star ͑Ref. 34͒ architectures.
Linear
Ring Symmetric star 
where the mean-square bond length ͗͑r i+1 − r i ͒ 2 ͘ = b 2 . In real systems, the conformations of flexible polymers in a melt are often considered to be Gaussian, like the conformation of a flexible polymer dissolved in its ⌰-solvent.
2 In simulations, the Gaussian conformations can be sampled, e.g., by BD simulations of a Rouse chain at equilibrium or by molecular dynamics simulations of polymers in melt state. In this work, polymer conformations are generated by performing random walks of N − 1 steps with step length following a Gaussian distribution of zero mean and unit variance, i.e., b 2 = 1. For each polymer conformation, ␣ i and ␤ i are obtained according to Eqs. ͑4͒ and ͑5͒. Obviously, this can be done for any bead number i as well as the com. The resulting sequences of ␣ i and ␤ i data are then used to obtain the depletion profiles. Additionally, we also calculated the root-mean-square radius of gyration R g for comparison with R s . The accuracy of the numerical results depends on the total number of chain conformations sampled. For the results reported here, a total of 10 5 configurational snapshots were used for each molecule, and 10 orthonormal vectors of isotropic random orientation were sampled for e k for each snapshot. Each calculation was repeated ten times to estimate the statistical error. The errors were typically of the order of the line width in all plots and are therefore not shown explicitly.
In Fig. 2 , the normalized com density distributions near a single wall for linear Gaussian bead-spring chains of N beads are shown as a function of the distance to the wall, x, normalized in Fig. 2͑a͒ by R g and in Fig. 2͑b͒ by R s . Both R g and R s are molecular size parameters for the unconfined chain and are obtained from the same set of polymer configurations as those used to calculate the depletion profiles. It is worth mentioning that the depletion profiles of any chain segment can be obtained in a similar effort. We have chosen to use the com representation in order to make a direct comparison with a recent DPD study. 47 It is noticeable in both figures that as N increases, com ͑1͒ / 0 will converge to the long chain asymptotic solution. 61 The use of either R g or R s as the normalization factor gives rise to a distinct feature: in Fig.  2͑a͒ , the depletion profiles persistently shift to the +x direction as N increases, while this is not the case in Fig. 2͑b͒ , where all the depletion curves tend to be closer to each other and to the asymptotic behavior. It has been shown recently by Fedosov et al. 47 that when the depletion thickness ␦ was used to normalize the distance to the wall instead of the commonly used R g , an almost common curve would appear, just like we find in Fig. 2͑b͒ since ␦ = R s in the case of a neutral wall.
To provide an understanding of the background for the different appearances of the curve in Figs. 2͑a͒ and 2͑b͒, we show in Fig. 3 the simulation results of R g and R s as a function of the total number of beads N for a linear Gaussian chain. The theoretical prediction of the root-mean-square radius of gyration ͓Eq. ͑11B.1-3͒ in Ref. 82͔,
is used to normalize the results of R g and R s from the simulations. The agreement between the simulation results for R g and the theoretical value in Eq. ͑30͒ is excellent, as shown by the horizontal curve at 1.0 in Fig. 3 . For an elastic dumbbell ͑N =2͒, our simulation yields R g / b = 0.4997Ϯ 0.0004, and Eq. ͑30͒ gives R g / b =1/ 2. A numerical fit of the form
is also included and describes well our simulation results of R s ͑with the maximum deviation less than 0.2%; note that the fit is not based on any physical model͒. Similar to what we found for linear random walk and self-avoiding walk 
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Depletion layer thickness and polymer span J. Chem. Phys. 129, 074904 ͑2008͒ polymers, 28 it is evident from Fig. 3 that the ratio R s / R g increases as N increases, and the long chain asymptotic value R s / R g =2/ ͱ ͑=1.128 379¯͒ is reached only for very large N, e.g., we obtain from simulations that R s / R g = 0.9915 for N = 40, and R s / R g = 1.1021 for N =10 3 . From the identity between ␦ and R s , polymers with the same R s will have the same depletion layer thickness regardless of the total number of beads in the chain. However, for polymers with the same R g , the depletion layer thickness will increase as N increases since R s / R g increases with N. This accounts for the observation in Fig. 2͑a͒ that the depletion profiles persistently shift to the +x direction as N increases. They have to do so in order to ensure an increase in the depletion layer thickness with respect to R g . The com depletion profiles in slit confining geometries are also calculated as an example for a linear Gaussian beadspring chain of N =10 3 beads. Results are shown in Fig. 4 for different slit widths d. Note that all the results are based on a single sampling of the molecular configuration space. We have chosen the abscissa axis such that the center of slit is at zero in Fig. 4͑a͒ , while the bottom plane of the slit is at zero in Fig. 4͑b͒ . The full depletion profiles across the slit are shown in Fig. 4͑a͒ , while in Fig. 4͑b͒ , only the depletion profiles as viewed from the bottom plane up to the axis of symmetry are shown. Clearly, both the com density and its first derivative with respect to x at a distance ͑x → 0͒ very close to the confining plane are zero, as pointed by Casassa. 37 For a slit of width d =5R s , our simulation results are in a good agreement with the theoretical prediction for a singe wall ͑i.e., d = +ϱ͒, as shown in Fig. 4͑b͒ . As d decreases, deviation from the analytical solution starts to appear especially near the centerline of the slit, and the deviation is caused by the overlap of the depletion layer due to the other plane. It should be noted that although the CABS approach, in principle, applies for any slit width d, in practical calculations, it becomes difficult to determine the depletion profiles accurately in the strong confinement limit such that d ഛ R s . Even though it is possible to improve the statistical accuracy by increasing the total number of sampling, the CABS approach becomes very inefficient since according to Eq. ͑3͒ nearly all the ␣ i and ␤ i values sampled will yield zero in the calculation. When the two depletion layers start to overlap, the effective depletion thickness ⌫ depends both on the confinement size and also the molecular details such as the total number of beads in a linear chain. This is shown in Fig. 5 , where ⌫ / d is plotted as a function of the molecule-toconfinement size ratio, R s / d. In the weak confinement regime ͑i.e., R s / d → 0͒, a universal curve is observed, i.e., ⌫ =2R s , corresponding to the fact that each confining plane contributes a depletion layer of thickness R s . In the strong confinement regime, ⌫ is less than 2R s since the two depletion layers start to overlap. In this regime and for the same R s / d, it is noticeable that ⌫ / d increases with increase in the total number of beads N. According to Eq. ͑28͒, the equilibrium partition coefficient K 0 will decrease with the increase of N, as we found in Ref. 28 .
V. CONCLUSIONS
We have demonstrated that the CABS method, originally proposed to calculate the equilibrium partition coefficient of polymers between bulk and confining geometries, 28 may also be used to determine the entropic depletion profiles of polymers near confining surfaces in dilute solution. We have shown how the depletion profiles can be obtained for a slit of any width especially in the weak confinement regime and for a single wall, and it is straightforward to extend the calculations to include channel and box confining geometries. Furthermore, a new physical interpretation of the polymer depletion profiles arises naturally from the CABS approach, i.e., the depletion profile is identical to the cumulative distribution function of the span of an unconfined chain with respect to the chosen reference point in a given direction. With the only assumption of inversion symmetry in the molecular conformation, we have proven rigorously that in the case of a polymer chain near a wall ͑i͒ the depletion layer thickness is the same no matter it is calculated for the com, the mean segment, or the ith segment density distributions, and ͑ii͒ the depletion layer thickness equals the steric exclusion radius of the polymer molecule in free space. Both results hold regardless of details in polymer architecture and configuration statistics ͑such as Gaussian chain or excluded volume chain͒. We have so far only considered the purely steric exclusion limit where entropic effect dominates, i.e., the confining boundaries are considered to be impenetrable but otherwise passive. However, it is also possible to include surface interactions in the CABS calculation, as will be presented in forthcoming publications. 
